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Swing wave-wave interaction: Coupling between fast magnetosonic and Alfaevaves
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We suggest a mechanism of energy transformation from fast magnetosonic waves propagating across a
magnetic field to Alfve waves propagating along the field. The mechanism is basesworg wave-wave
interaction[T. V. Zagarashvili, Astrophys. J. Leth52 107 (2001)]. The standing fast magnetosonic waves
cause a periodical variation in the Alivespeed, with the amplitude of an Alfwevave being governed by
Mathieu’s equation. Consequently, subharmonics of Alfuaves with a frequency half that of magnetosonic
waves grow exponentially in time. It is suggested that the energy of nonelectromagnetic forces, which are able
to support the magnetosonic oscillations, may be transmitted into the energy of purely magnetic oscillations.
Possible astrophysical applications of the mechanism are briefly discussed.
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[. INTRODUCTION wave-wave interactianThis terminology arises from an
analogy with a swinging pendulum, as described below.
Many observed phenomena can be associated with wave- In this paper we further develop the theory for interac-
like motions, increasing interest in the study of wave dynamiions between fast magnetosonic waves and Alfveaves.
ics. Linear perturbation theory considers an arbitrary disturFor clarity of presentation we first recall the pendulum anal-
bance as a superposition of independently evolvinggy and show that under certain conditions the energy of
eigenmodes, thus simplifying the description of the processspring oscillations along the pendulum axis is transformed
However, interactions between different harmonics as well a#to the energy of transversal oscillations of the pendulum,
between different kinds of waves leads to the appearance @nd vice versa. Following a discussion of the general physics
substantially new phenomena. of swing interaction, we consider the example of coupling
In the case of large-amplitude acoustic waves, nonlineaetween fast magnetosonic waves propagating across an ap-
ity leads to the generation of higher harmonics that causelied magnetic field and Alfwe waves propagating along the
steepening of the wave front and consequently the formatiofield. Finally, we briefly describe the applications of the
of shock waves. Also developments in plasma theory raisetheory to various astrophysical situations.
interest in the study of interactions between different waves.
It is shown that nonlinear interaction leads to the generation II. SWING PENDULUM
of resonant tripletgor multiplets in the plasmg1-3]. The . i i .
nonlinear interaction between magnetohydrodynamic 't i useful to begin with a mechanical analogy of the
(MHD) waves has been studied in various astrophysical situvave dynamics in a mediurtsee Ref[2] in the case of
ations[4—7]. Additionally, MHD wave coupling due to in- th_ree-wave |nteract|()_n_C(_)n5|der a mathema_\tlcal pendulum
homogeneity of the mediurf8—12] or a background flow with massm and equmbrlu.m length_ (gee Fl_g. ;L.Part of
[13-15 has also been developed. the pendulum length congsts of a spring Wlt.h stp‘fness con-
Recently, a new kind of interaction between sound andtanto. There are two kinds of oscillations in this system,
Alfvén waves has been discussed by Zagarasfid]. The
physical basis of this interaction is the parametric influence; T
sound waves cause a periodical variation in the medium’s i
parameters, which affects the velocity of transversal Alfve
waves and leads to a resonant energy transformation int i *
certain harmonics. In a higB-plasma, it is shown that peri- L
odical variations of the medium’s density, caused by the
propagation of sound waves along an applied magnetic field
results in Alfven waves being governed by Mathieu’s equa-
tion (here 3=8mp/B?>1, wherep is the plasma pressure
and B is the magnetic field Consequently, harmonics with
half the frequency of sound waves grow exponentially in
time. The same phenomenon was developed in the case ¢ ]
standing sound wavd47]. The process of energy exchange
between these different kinds of wave motion is caieding
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*Also at Abastumani Astrophysical Observatory, Al. Kazbegi Ave.  FIG. 1. The swing pendulum in equilibriuieft) and in oscil-
2a, 380060 Thilisi, Georgia. lation (right).
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transversal oscillations due to gravity and spring oscillationgions ® [see Eq(2)]. On the other hand, transversal oscilla-
along the pendulum axis due to the elasticity of the springtions may be considered as an external periodic fosee

This is aswing pendulum Eqg. (1)] that causes the damping and consequent amplifica-
In equilibrium, gravity is balanced by the stiffness force tion of longitudinal oscillations. So, in the absence of dissi-
T, of the spring so that pation, there is a subsequent energy exchange between dif-
ferent oscillations in the system. But if some kind of external
To=ch=mg, force supports the spring oscillations then they can amplify
. - . . the transversal oscillations until nonlinear effects became
whereg is the gravitational acceleration ahds the equilib- significant.
rium length of the sprindthe natural length of the spring is
supposed to be negligibleFor displacemenk along the
pendulum axis, the stiffness force becomes I1. SWING WAVE-WAVE INTERACTION
T=a(h+X)=mg+ox. The generalization of the above analogy to waves in a

medium leads to interesting phenomena. Spring oscillations

Newton’s second law applied along the pendulum axis, wheo work against gravity and cause periodical variations of
the pendulum makes an anghe with the vertical(see Fig. the parametefpendulum lengthL) of transversal oscilla-
1), gives the equation of motiofthe centrifugal force due to tions. As a result of this work, the energy of spring oscilla-
the transversal oscillation is neglected tions transforms into the energy of transversal oscillations.
So we may expect a similar process in a medium when one
kind of wave causes a periodical variation of another wave
parameter.

There are three main forces in the equation of motion for

Due to the oscillation of the spring along the axis, thean ideal conductive fluid: the pressure gradier¥ p, grav-
pendulum length is a function of time and the equation ofity pV ¢, and the Lorentz forcgx B. Herep andp denote

" g
X+ Ex=g(cos®—l).

transversal motions of the pendulum under gravity is the plasma pressure and densityis the gravitational poten-
tial, andj is the current in a magnetic fieB. Each of these
& 9 o forces represents the restoring force against the fluid inertia
0+ sin® =0. ) . .
L+x and thus leads to the generation of different kinds of wave

o motions. Of these forces, only the Lorentz force does not
For clarity of presentation a termx®/(L +x) is neglected include the density(in the pressure gradient the density
here; it does not affect the physical nature of the phenomarises from the equation of statf his fact leads to the ap-
enon (for general consideration, see Ref$8,19). So we pearance of the density in the expression for the magnetic
have two different oscillations of the pendulum, which arespeed, the Alfve speedV,=B/+4mp, which describes the
coupled, and each oscillation influences the other. Considepropagation of magnetic waves and depends on the medium
ing small amplitude oscillations, we find two coupled equa-densityp. For a similar reason, the frequency of pendulum

tions governing the dynamics of the pendulum: oscillations does not depend on the pendulum nilassause
the gravitational force depends o, itvhile the frequency of

Xt w2x= — Eg®2 1) spring oscillation does depend on the mdmscause the stiff-

! 2 ' ness force does not depend on ®n the other hand, com-

pressible waves cause density variations in the medium and
therefore they may affect the propagation properties of mag-
netic waves. This suggests a coupling between longitudinal,
compressible wavefleading to density perturbationsind
where w;=/g/h and w,=\/g/L are the fundamental fre- transversal magnetic waves propagating with a velocity that
guencies of the system. depends on the density. The latter can be associated with
From Egs.(1) and(2) we can see that longitudinal oscil- Alfvén waves that are transversal and represents the purely
lations of the pendulum causes a periodical variation of theelectromagnetic properties of the medium. The compressible
pendulum length. In certain conditions this can lead to thewvaves cause a periodical variation of the density and so of
well-known parametric amplification of transversal oscilla- the Alfven speed, and may lead to the effective energy trans-
tions. Whenx is a periodical function of time, then E¢2)  mission into certain harmonics of Alfmewaves. The swing
becames Mathieu’s equation and it has a resonant solutiotpupling between sound and Alfvewaves propagating

@+wg(1—§)®=o, @

when along an applied magnetic fie]d6,17) is a good example of
this phenomenon. On the other hand, magnetosonic waves
1 propagating at an angle to the magnetic field also cause pe-

@2=5 @1 ) riodical variations of the Alfva speed and may lead to simi-

lar phenomena. It is worth noticing that, contrary to the Al-
corresponding td. = 4h. fvén waves, the magnetosonic waves can be easily excited in
Under these conditions, initial spring oscillationglong  a medium by any forcéeven of nonelectromagnetic origin
the pendulum axis can amplify small transversal perturbaTherefore, the coupling between magnetosonic and Alfve
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waves allows the transmission of energy into purely trans-
versal magnetic oscillations through compressible magneto X
sonic oscillations.
To show the mathematical formalism of swing wave in- i
teraction we consider the case of magnetosonic wave propé
gation across the applied magnetic field. In this case we hav
fast magnetosonic waves. For simplicity we consider a rect-
angular geometry, that then can be generalized to cylindrica
and spherical symmetries. B,

Coupling between fast magnetosonic and Alfue waves

Consider motions of a homogeneous medium, with zero
viscosity and infinite conductivity, as described by the ideal

MHD equations: y® z
JB FIG. 2. The unperturbed magnetic fiedd is directed along the
ot (u-V)B=(B-V)u=BV-u, V-B=0, “) z axis. The system is bounded in tkelirection ( is the size of the
system. Standing fast magnetosonic waves are polarized irxthe

au B2 (B-V)B direction, while Alfven waves are polarized along tlyeaxis and

Pot +p(u-V)u=-V|p+ oy + “an ) propagate along the axis.
1% au
ap w__ T

where u is the fluid velocity. We consider adiabatic pro- Whereb; anduy are the perturbations of magnetic field and
cesses, so the pressyr@and densityp are connected by the VeloCity, respectively, ands= V¥Po/po is the sound speed.

relation Here and afterwards denotes the perturbation of dendiiy
Egs.(4) and(5), p was the total densify The wave equation
p\” for linear fast magnetosonic waves then follows
P=Po g | (7) 24 24
—>-Vi—5=0 (12)
at Poxz

where pg and p, are the unperturbed uniform pressure and
density andy is the ratio of specific heats. We neglect grav- . .
ity, though it may be of importance under some astrophysicaf’NereVs=vcs+Vy is the phase velocity of fast waves and
conditions. V= \BZ/4mp, is the Alfven speed.

Linear analysis of Eqs(4)—(7) show the existence of The solution of the wave equation can be either propagat-
three kinds of MHD waves: Alfve and magnetosonidast  ing or standing patterns. The boundedness of the medium
and slow waves. The difference between these waves is thadtads to the formation of a discrete spectrum of harmonics
the restoring force of Alfve waves is the tension of mag- that represent the normal mod@sgenmodesof the system.
netic field lines B- V)B/4, acting alone, while the restor- We consider the standing fast magnetosonic waves that have
ing force of magnetosonic waves is mainly the gradient ofa straightforward extention to cylindricgulsating magnetic
ordinary and magnetic pressuresY[p+B?/8x]. The vari-  tube and sphericalpulsating sphere with dipolelike mag-
ous waves can be distinguished by their different speeds antktic field geometries. The solutions for standiflane
polarizations. The linear evolution of the waves in a homo-fast magnetosonic waves are
geneous medium is governed by the usual linear wave equa-

tions. Ux= aVsin(wnt)sin(kqx),
Consider a uniform, unperturbed, magnetic fiel}
=(0,0B,) directed along the axis, and the case of magne- p=apoCOS wnt)COKnX),
tosonic wave propagation across the field in xh@irection
(see Fig. 2 Then there are only fast magnetosonic waves b,= aBoCOS wnt) oS knX), (12)

(the slow wave is absenthat in the linear approximation is

described by the equations: wherek,=(n#/l)(n=1,2,...) is theeigenvalue for a sys-

tem of sizel in the x direction, w, is the corresponding
eigenfrequency, and is the relative amplitude of the waves.
ab, dUy . ) X ;
(8) Eigenvalues and eigenfrequencies are related by the disper-
sion relationw,, /k,= Vs .
It is seen from the expressiorid2) that standing fast
C2p+BObZ 9) magnetosonic waves cause a local periodical variation in
s A7 | both the density and the magnetic field. This variation is

Bk

ou, 4
PO ™ ox
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maximal near the nodes of the velocity and approaches to (;Zhy 5 azhy

zero near the antinodes. The amplitude of the variation is —iz ~ Vall+acogkyx)codwnt) |- =0. (20
considered to be small{<1), and so does not affect the fast

magnetosonic wave itself. Comparing Eqs(20) and (15) we can see that the influence

Consider now the influence of the density and the magyf standing fast magnetosonic waves is expressed through a
netic field variationg12) on Alfven waves, considered to be perigdical variation of the Alfve speed.
polarized in they-z plane. Then the velocity fields of fast = performing a Fourier transform ofh, with h,

magnetosonic and Alfirewaves are decoupled. The linear _ . ik,z )y ;
equations for Alfve waves are Ihy(k,,t)e"dk,, Eqg. (20) leads to Mathieu’s equation

[20]

db Jdu A
—= 0 - ) (13 ‘72hy 21,2 A

ot 0z W'F[VAkZ‘F 5COS{a)nt)]hy=0, (21)
&uy BQ (?by

_y_ vy where

PO"ot " am 9z (14
6= aVakicogkx), (22)

whereb, andu, are small perturbations of the magnetic field
and the velocity. These equations lead to the wave equatiofith x playing the role of a parameter. Equatié®l) has
main resonant solution if

by, by 0 15
oz TR a2 T (19 Bok; @ 23
Wp= =
The influence of the fast magnetosonic waves can be ex- Vapo 2

db difying Eq$13) and(14), which b )
pressed by modifying Eq$13) and(14), which now became and it can be expressed as

db du du
(9_ty:(BO+bz)_y -

- ~ (O] w
2w Py (18 hy=heello/2ent cos%t—sin—nt

St @4

duy  Bo+b, ﬂ_by

(potp)—>= ) (179  Where ho=h(0). The solution has a resonant character
ot Am oz within the frequency interval
Here we have neglected the advective teupsb, /Jx and wp, S
(po+ p)uyduy /dx for several reasons. At the initial stage, the a5 < (25)
n

perturbationsb, andu, of Alfvén waves propagating along
the z axis do not depend on thecoordinate; each magnetic Equation(24) shows that the harmonics of Alfaevaves
surface across evolves independently. The dependence it half the frequency of fast magnetosonic waves growing
arises due to the action of the fast magnetosonic waves, a@(ponentially in time. The growth rate of Alfnewaves is

so the neglected te%r‘r;s are second orderinMoreover, We  ayimal at the velocity nodes of fast magnetosonic waves
can consider the Alfue waves at the velocity node of stand- g4 tends to zero at the antinodeee Eqs(12) and (22)].

ing fe_lst magnetoso_nic waves, where these term_s are zero. fhe amplitude of the magnetic field component in Ative
principle, the coordinate stands as a parameter in Eqs9)  \yaves depends on thecoordinate, i.e.. there is the periodi-

and(17) of Alfven waves. , cal magnetic pressure gradient along this direction. Energy
Equationg(16) and(17) lead to the Hill-type second-order cqnservation implies that this gradient leads to the damping

differential equation of initial fast magnetosonic waves, i.e., the energy trans-
formed into Alfven waves is extracted from fast magneto-

7%b, _(2Bot b,)b, dby (Bo+b,)b,— b2 sonic waves. To show this, we consider the backreaction of
ot2  By(Bg+tb, dt Bo(Bo+b,) Y amplified Alfven waves on the initial fast magnetosonic
» waves.
_ (Bgtbhy)* 4 by:O (18) The dependence df, on thex coordinate leads to an
Am(po+p) 9Z° ' additional term in the equation of motid@) for fast waves,
whereb, denotes the time derivative of the perturbing field. duy  d| , Boby 4 b)z/ 26
Introducing PO = T ox| P A | T X B 26)
(2Bg+ bz)bZ Therefore the wave equatidl) now becomes
by=hy(z,t)exp| 55— dt (19
280( Bo+ bz) 2 2 2 2
Uy U by )
and neglecting terms of order’ leads to the equation at? Fox?2  otox|8m| @7
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The additional term has the frequency of the initial fast mag- B. Torsional Alfvén waves in solar coronal loops

netosonic waveso, (within the order ofa?) and ‘can be Swing wave interaction may play an important role in the
considered as the external periodic force. At the initial stagexcitation of torsional Alfve waves in solar coronal loops. It

it can be neglected as of second order. However, it becomQﬁay be suggested that any external action on the magnetic
significant because of the exponential growth of amplitudesube, anchored in the highly dynamical photosphere, causes a
[see Eq.(24)]. It oscillates out of phase with respect to the radial pulsation at the fundamental frequency, like a tuning
initial fast waves(12), thus leading to their dampin@s ex-  fork (see also Refl21]). For a tube of radius, the funda-
pected from physical considerations mental frequency of pulsation will be of the orde/r,

Note that Egs(1) and(2) describing the pendulum oscil- whereV; is the phase velocity of fast magnetosonic waves at
lations are similar to Eq(20) and (27) describing Alfven  the photospheric level. If we consider the Alfvand sound
waves and fast magnetosonic waves; the longitudinal oscilspeeds to be of order 10 kms* and the radius of order
lations of the pendulum correspond to the fast magnetosonic 10? km, then the period of fundamental mode of pulsation
waves and the transversal oscillations correspond to the Awill be a few tens of seconds.
fvén waves. Radial pulsations of the tube may lead to the resonant

Swing coupling between fast magnetosonic and Alfve (exponentigl amplification of torsional Alfve waves with
waves may be generalized from rectangular geometry thalf the frequency of the pulsations. These high-frequency

other symmetries, though a detailed description is beyond thirsional Alfven waves can propagate upward and carry en-
scope of this paper. ergy from the photosphere into the magnetically controlled

corona or they may be damped in chromospheric regions

V. DISCUSSION leading to the heating of the chromospheric magnetic net-

work.
The suggested mechanism of energy transformation from
fast magnetosonic into Alfiewaves has important conse- C. Coupling between stellar pulsations
quences. It can be noted that the Afivevaves hardly un- and torsional oscillations

dergo_ either excitation or da”.“ping processes, while magne- Swing wave interaction may be of importance in stellar
tosonic waves can be easily excited by external, ever

lect hic. f Th ing int tion lead ti teriors. A radial pulsation of a spherically symmetric star
nonelectromagnetic, forces. then swing Interaction 1€ads 1, dipolelike magnetic field may lead to the amplification
the intriguing but natural suggestion that the energy of th

lect ic f that s th " &f torsional oscillations. There are a number of energy
nonelectromagnetc force that supports th€ magnelosoni, ces that can support pulsations: radiation, nuclear reac-

waves in the system can be transmitted into the energy %ons, tidal forces in binary stars, convection, d&g., Ref.

purely magnetic_ incompress.ible oscillat.ions. This.result ha%ZZ]). Then the transformation of pulsational energy into tor-
many astrophysical applications. We briefly describe severglj,,,| oscillations may lead to new sources for stellar mag-

of them. netic activity.

A. Swing absorption V. CONCLUDING REMARKS

Resonant interaction between MHD waves, due to the in-
homogeneity of the medium, was proposed by lon&jnit
arises where the frequency of an incoming wave matches t
local frequency of the medium. Then a resonant energ
transformation may take place, known as resonant absor
tion.

Similar phenomenon may also arise due to swing wav
interaction. In this case fast magnetosonic waves can tran
form their energy into Alfva waves, even in a homogeneous
medium. For given medium parameténsagnetic field, den-
sity) the energy of fast waves may be “absorbed” by har
monics with wavelengths satisfying the resonant conditio
(23). Consequently, fast magnetosonic waves can transm
their energy into Alfve@ waves in any spatial distribution of
density or magnetic field. The process can be cadiethg
absorption The particular point obwing absorptions that
energy absorption occurs through the harmonics with half the This work was partially supported by INTAS Grant No.
frequency of incoming wavepsee EqQ.(23)]. The process 97-31931 and NATO Collaborative Linkage Grant No.
may be of importance in the earth’s magnetosphere and iRST.CLG.976557. T.Z. would like to thank the Royal Soci-
the solar atmosphere. ety for finanical support.

The swing wave-wave interactidi6] is developed here
H’g the case of fast ma,gnetosonic waves propagating across a
magnetic field and Alfve waves propagating along the field.

n the case of oblique propagation, slow magnetosonic waves
also exist and they may transmit their energy into Atfve
Jvaves. In some cases the coupling between slow magneto-
§_onic and Alfve waves may be of importance. Also, the
coupling in the case of different geometriésylindrical,
spherical may be important in astrophysical situations. The
_most important result of swing wave interaction is that it
r{eveals a new energy channel for Alfvevaves, permitting
}pe transformation of energy of nonelectromagnetic origin
into the energy of electromagnetic oscillations.
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